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Fig. 1. Gradient-based optimization results. The stone skipping task with our differentiable SPH-based fluid-rigid coupling simulator. We optimize the initial
linear and angular velocities of the stone to make it pass through the target red ring after bouncing.

Differentiable physics simulation has shown its efficacy in inverse design
problems. Given the pervasiveness of the diverse interactions between fluids
and solids in life, a differentiable simulator for the inverse design of the mo-
tion of rigid objects in two-way fluid-rigid coupling is also demanded. There
are two main challenges to develop a differentiable two-way fluid-solid cou-
pling simulator for rigid body control tasks: the ubiquitous, discontinuous
contacts in fluid-solid interactions, and the high computational cost of gradi-
ent formulation due to the large number of degrees of freedom (DoF) of fluid
dynamics. In this work, we propose a novel differentiable SPH-based two-
way fluid-rigid coupling simulator to address these challenges. Our purpose
is to provide a differentiable simulator for SPH which incorporates a unified
representation for both fluids and solids using particles. However, naively
differentiating the forward simulation of the particle system encounters
gradient explosion issues. We investigate the instability in differentiating
the SPH-based fluid-rigid coupling simulator and present a feasible gradient
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computation scheme to address its differentiability. In addition, we also
propose an efficient method to compute the gradient of fluid-rigid coupling
without incurring the high computational cost of differentiating the entire
high-DoF fluid system. We show the efficacy, scalability, and extensibility
of our method in various challenging rigid body control tasks with diverse
fluid-rigid interactions and multi-rigid contacts, achieving up to an order
of magnitude speedup in optimization compared to baseline methods in
experiments.

CCS Concepts: « Computing methodologies — Differentiable Simula-
tion.
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Simulation, Fluid-Rigid Coupling
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1 INTRODUCTION

Differentiable physics simulations have recently seen increasing at-
tention as an efficient tool to solve inverse design problems. With its
ability to directly differentiate the simulator to obtain the gradients
of any differentiable performance metrics with respect to design pa-
rameters, it is proven to outperform gradient-free methods in many
downstream tasks. Recent works have made progress in multi-body
systems [Geilinger et al. 2020; Qiao et al. 2021; Werling et al. 2021;
Xu et al. 2021a], deformable systems [Du et al. 2022; Hu et al. 2020,
2018b], cloth simulation [Li et al. 2023], fluidic devices [Du et al.
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2020; Li et al2022], one-way uid-solid coupling [Takahashi et.al
2021], aquatic robot design [Ma et al. 2021; Nava et al. 2022], etc.
In addition to these tasks, the demands of inversely designing the
motion of solid objects with uid-solid interactions also commonly
exist in daily life, such as ipping a water bottle to make it land
upright on the table after spinning, or skipping a rock on a lake to
achieve several bounces. In such problems, the uid-rigid interaction
signi cantly a ects the motion of solids, and the goal is to control
the nal/middle state of solid objects after/during interaction with
the uid environment, with the input being the release velocity of
solids. However, the di erentiability of the simulation of two-way
uid-solid coupling has not yet been extensively investigated.
There are two main challenges to develop a di erentiable two-
way uid-solid coupling simulator for rigid body control tasks. First,
due to the inconsistency of constitutive equations of liquids and
solids, as well as the ubiquitous, discontinuous contacts in uid-solid
interactions, the di erentiability of uid-solid coupling is still an
open problem. On one hand, previous works [Du et2020; Li et al
2022; Ma et ak021; Nava et a022; Takahashi et .&€021] either
focuses on one-way uid-rigid coupling, takes strong assumptions
on uid models (e.g., Stokes ow in uidic devices), or requires
large training data for di erent scenes to learn uid dynamics with
neural networks, thus cannot be directly applied to our problem.
On the other hand, although automatic di erentiation tools can
theoretically be applied to this problem, directly applying tools such
as Di Taichi [Hu et al. 2020] to a SPH-based two-way coupled uid-
rigid simulator encounters problems such as gradient explosion

associated with di erentiating the entire high-DoF system, which
is e cient.

Finally, we adopt our method to various challenging rigid body
control tasks with versatile uid-rigid interactions. Some of our con-
trol results have not been introduced to computer graphics yet to
the best of our knowledge. We have achieved up to an order of mag-
nitude speedup compared with gradient-free optimization methods
in optimizations, demonstrating our method's e ectiveness.

Our paper makes the following technical contributions:

We investigate the instability in di erentiating the particle-
based uid-rigid coupling simulator using SPH and present a
feasible gradient computation scheme to address its di eren-
tiability.

We present an e cient computational scheme to obtain the
gradient of uid-rigid coupling while avoiding the high com-
putational cost to di erentiate the entire high-DoF uid sys-
tem.

We show the e cacy, scalability, and extensibility of our
method in various uid-rigid coupled rigid body control tasks,
including multi-rigid systems and training neural network
controllers.

2 RELATED WORK
2.1 Dierentiable Simulation

Di erentiable simulation is a relatively recent concept explored
in the graphics and machine learning community. Despite the re-

in practice. Second, the large number of degrees of freedom (DoF) cent advances in di erentiable simulators in rigid-body dynamics

of uids incurs high computational costs in gradient formulation.
In previous studies on di erentiable simulation, the entire system
being simulated typically needs to be di erentiated [Hu et &020;
Takahashi et al2021], but the high DoFs and the chaotic nature
of uid dynamics distinguish it from deformable and multi-body
systems, which have relatively fewer DoFs.

In this paper, we present a novel di erentiable two-way uid-
rigid coupling simulator for the inverse design of control tasks of
rigid bodies. To tackle the rst challenge of di erentiability, our pur-
pose is to provide a di erentiable simulator for Smoothed Particle
Hydrodynamics (SPH) which incorporates a uni ed representation
for uids and solids using particles. However, naively di erentiating
the forward simulation of the particle system encounters gradient

[Freeman et al2021; Geilinger et a020; Qiao et ak021; Xu et al
20214a], soft-body dynamics [Du et.&022; Hahn et aP019; Hu
et al 2018b; Murthy et al2020], cloth simulation [Li et al2023;
Liang et al 2019], uid dynamics and control[Du et a2020; Holl
et al 2020; Li et al2022; McNamara et &004; Schenck and Fox
2018], the work of di erentiable simulation for uid-rigid coupling
is relatively rare.

To di erentiate a simulator, nite di erence, auto-di erentiation,
and manually deriving analytical derivatives, as well as their com-
binations are typical ways. The complex-step nite di erence has
recently seen increasing attention [Luo et &019; Shen et a2021]
for overcoming the drawbacks in the real number domain such as
subtractive cancellation issues. Auto-di erentiation tools [Hu et al

explosion issues. We investigate the causes of this gradient insta- 2020, 2018b] save the labor of manual derivation of gradient, which

bility, which is related to the chaos in di erentiating the high-DoF
particle interactions and the high sensitivity of SPH kernel functions
to particle distances. To handle this underlying non-smoothness of

the system, we propose a feasible localized gradient computation

store the information of the computational graph with a tape in the
forward computation and then backpropagate the computational
graph to obtain gradient.

To obtain the analytical gradient, McNamara et fl004] propose

scheme based on the idea of reducing the problem scale to addressto use the adjoint method to e ciently compute the gradient of a

the di erentiability of SPH-based uid-rigid coupling. Here our key
assumption is that in uid-solid coupling, small perturbations to
the velocities of solids generally do not signi cantly a ect the bulk
motion of the uid environment, therefore, the problem scale can
be reduced by only considering the uid surrounding the solids in
the gradient computation of uid-rigid coupling.

To address the second challenge of e ciency, the proposed local-
ized gradient computation scheme allows us to obtain local infor-
mation about the uid while avoiding the high computational cost
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uid system for keyframe uid animation control. Nava et a[2022]
recently propose a di erentiable uid-solid coupling method for
aquatic robot design based on the immersed boundary method with
uid dynamics inferred with a neural network, which needs to be
re-trained on di erent scenes with large training data to predict the
uid motion plausibly. Takahashi et a[2021] propose to use the
adjoint method based on the variational formulation of uid-solid
coupling [Batty et al 2007], however, they only consider one-way
coupling from solid to uid, which limits its use-case. Li et 4022]



Di

propose an anisotropic mixture model with no-slip and free-slip
boundary conditions of uid-rigid coupling for topology optimiza-
tion of uidic devices. Since our work considers the diverse two-way
coupling between dynamic uids and solid objects, these methods
cannot be directly applied to our problem.

2.2 Two-way Fluid-Solid Coupling

Because the literature on the topic of general uid-solid interactions
is extensive, in this section we focus on the two-way coupling
methods of uids and rigid objects. Depending on the representation
methods used for uids, methods of two-way uid-solid coupling
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2.3 Control of Rigid Bodies with Fluid-Solid Interaction

The control of rigid bodies and multi-body systems with uid-solid
interactions is an active research topic in the eld of graphics and
robotics. Besides the aforementioned works that derive derivatives
from physical-based simulators to get gradients of the simulation
process, some researchers directly adopt learning-based simulators
to leverage the di erentiability of neural networks to obtain gra-
dient information. Physics-informed networks are widely used to
approximate the solution of the partial di erential equations of the
simulated system [Nava et #2022; Raissi et £2019; Ramos et.al
2022]. Li et al[2018]; Pfa et al [2020] use graph networks or their

can be classi ed into three categories: grid-based, particle-based, and y/ariants to build a coupling simulator. However, it is hard to guar-

hybrid-based. Various techniques for grid-based uid-solid coupling
have been developed over the years [Batty et24l07; Guendelman
et al. 2005; Klingner et aR006; Narain et aR010; Robinson-Mosher

antee the physical accuracy of the simulation predicted by neural
networks unless trained with a large amount of data. In addition to
gradient-based methods, gradient-free approaches are also popular

et al 2008; Takahashi and Batty 2020; Takahashi and Lin 2019]'f0r inverse design problems. Tan et §2011] optimize the gait of

where solving uid-solid coupling is usually formulated as solving a
uni ed system to determine the correct exchange of forces between
uids and solids.

Another popular method to solve multi-material interactions is
the hybrid-based Material Point Method (MPM), where collisions
with di erent materials can be naturally handled by assigning di er-
ent material properties to particles and interchanging their momen-
tums on background grids. Due to this advantage of MPM, two-way

uid-solid coupling has been achieved in various settings [Daviet
and Bertails-Descoubes 2016; Ding and Schroeder 2020; Fang et
2020; Han et al. 2019; Hu et al. 2018a; Klar et al. 2016].

Since the Lagrangian view is quite natural for solid objects, the
Smoothed Particle Hydrodynamics (SPH) method o er another con-
sistent framework for formulating coupling problems [Becker and
Teschner 2007; Bender and Koschier 2015, 2017; Ihmser2etid},
Koschier et al2019; Solenthaler and Pajarola 2009; Takahashi et al
2018] where elds of physical properties of uid are discretized
with sampling points named smoothed particles. To handle the par-
ticle de ciency near the uid-solid boundaries, Akinci et a]2012]
propose an SPH-based two-way uid-rigid coupling method by sam-
pling particles on the surface of solids, which will be introduced
in detail since it is closely related to our method. To improve the
accuracy of coupling, Band et.42018b] propose to use the moving

articulated swimming creatures using gradient-free searching meth-
ods. Besides, some works assume the solid objects are directed by
uids [Ma et al. 2018; Ren et a2023], where techniques from rein-
forcement learning are adopted to achieve versatile control tasks of
uid-directed solid objects.

3 PROBLEM FORMULATION

In this section, we present a general formulation of the control

aproblem. We focus on the control of rigid bodies in a uid-rigid
coupled system, where the uid-rigid interaction signi cantly a ects
the motion of solids.

Input & Output.In the coupled uid-rigid system, we represent
the statesg of a rigid bodyR with its linear and angular veloc-
ity Eel, positionGand the 3-dimensional orientatio@ namely
SR B 1EeleGef@as shown in Fig. 2. The stagg of the uid F is
discretized with Lagrangian particles carrying physical properties.
The inputs of the control problem are the initial sta&%-s?:, and
the target rigid body stateszR at a user-speci ed time step. The
expected output is the optimal elements of the initial rigid body
states% to makeR reachsz after simulation for=time steps.

least square method to extrapolate the pressure of boundary par-

ticles; Bender et a[2019]; Koschier and Bender [2017] propose to
use implicit representations for solid objects with signed distance
elds. To further improve the stability of simulation and consider
rigid-rigid coupling, Gissler et a[2019] propose a strong two-way
coupling scheme for SPH with rigid-rigid contact. In our work, we
will not consider such type of strong two-way coupling of uids
and solids and leave it to our future work. For rigid-rigid contact,
Gissler et al[2019] also propose an SPH-based rigid contact solver
based on arti cial density deviations at rigid particles. Based on the
continuity equation, an equation of arti cial pressure eld on all
rigid particles in contact is solved to resolve the rigid-rigid contact
by pressure gradient forces. However, the complexity of this for-
ward simulation method makes it non-trivial to di erentiate in our
practice, but inspired by this idea and [Xu et 2021a,b], we present

a penalty-based SPH-based rigid-rigid coupling method, which has
a better di erentiability.

goal=1G @
S:R = 1| 2060@0

B Q =1 O @
p= 10| Oo

Fig. 2. Problem formulation of one of the control tasks "water bo le flip
challenge" as an example. The design variables (green color) are the initial
velocityp = tE%| % sX. The goal (red color) is to land on target position

G while reaching the target orientatior@ at a user-specified time.
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Formulation.We formulate this inverse design of rigid body con-
trol task as an optimization problem. We de ne the goal of our |
task as a di erentiable metric of target rigid body sta&-‘é at the
user-speci ed time step of a simulation trajectory as 1s‘ , which
is to be minimizedminp 157? = goal, _ penaltys wherep is the
design variable introduced below, angenaity is the penalty term
that describe the constraints with as the weight parameter.

2
3
4
5
6

Design Variabledle de ne the design variablg of the control
tasks as the elements of the initial stas% of R. One of the examples
is the "water bottle ip challenge” task, in which the design parame- o
ters are the initial release velocitye™ | % sX of the bottleR, and
the goal is to make the bottle land on target position while standing
upright on its base or cap, with o5 de ned as the combination
of linear and angular distances to the target, as Fig. 2 shows. ThIS
proposed formulation can be readily extended to control tasks i |n
which the control signal is applied to rigid body agents at regular
intervals of# time steps to achieve a continuous control.

11

16

4 FORWARD SIMULATION

We present a brief overview of the forward simulation of SPH-based
uid, uid-rigid coupling, and rigid body dynamics. For rigid-rigid
coupling, we adopt a penalty-based method to develop a uni ed
di erentiable SPH-based uid-rigid coupled system.

4.1 SPH-based Fluid Simulation

We simulate uids using the Navier-Stokes equations for incom-
pressible ow in Lagrangian coordinates. We follow the operator
splitting scheme and adopt the implicit DFSPH method [Bender
and Koschier 2015, 2017] for its good stability and e cacy. DFSPH
solves the pressure projection in an iterative manner, and the pres-
sure?g, of uid particle Sis solved implicitly with the source term
respectively being the divergence error and density error as:

1

-—@d

Where gFSPHls a before-iteration pre-computed facto%—

” _1d58DFSPI-J ”

. DFSP
%= ¢ s %% d0'53 R

@)

9<9 Vg Vg I, gdsthe density error caused by velocity advec-
tion, where, go=, '@ G °isthe kernel function with support
radius and two particle positionsz G; d& =dg, C% is the
predicted density. The density error solver and the divergence error
solver in DFSPH have a similar structure as shown in Atb). In
the pressure projection, the coupling force with solid boundaries
needs to be considered, which is introduced in the next subsection.

4.2 SPH-based Two-way Fluid-Rigid Coupling

For uid-solid coupling, we adopt the method of [Akinci et 22012],

in which the surfaces of rigid bodies are sampled with bound-
ary particles to prevent de ciency issues, and the two-way cou-
pling is solved based on hydrodynamic forces in a momentum-
conserving manner. In [Akinc'[ et aI2012ﬂ, the densitylg, of uid
particle 3 reads asts, = <5 5, 89, 1, 1,-d0° sowhere

14 tdo® = dgty 4 is the contribution of a boundary particlég by

— S 19

taking the volumety; of 1ginto account, where; g = ————
9 18’
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ALGORITHM 1: Pressure Projection Solver in DFSPH

Function PressureProjection 1; PFSPH

n = density error (or divergence error)
while nj thresl? do
parallel forall  uid partlcle & do

computeds, (or )

parallel forall  uid part|cle K do
sequential forall neighbor uid particless do
dg d

g do. DFSPH(or 1;ﬂo- DFsPY

i

1
C

A 9

dg do
— Y99 90, prspy DFSP
9=~z g > or? o H

Vgi=Vvg C g<g %,dgf,sg
sequential forall neighbor boundary rigid particlég do
compute uid-rigid coupling force with Eq. (2)

updatevg

end
return updated uid particle velocities

end

with 1g denoting the neighboring boundary particles &f. Then
the pressure force applied from a boundary partidleto a uid
particle g is derived as:

5 1o~

?5
dods,

Based on Newton's third law, the symmetric pressure force from
uid particle Sto boundary particlelgis 1, 5= g 14, Which
naturally enforces the conservation of momentum. Finally, the net
force 5 and torqueg of a rigid body is a double summation of all
forces and torques of the rigid particles from their neighboring uid
particles, withgy, 5 =A, 1, 5inwhichAisthe displacement
of rigid particle létoéhe body's massd:egter:

5= g= glg 5. (3)
19 3 l9 B

We adopt the cubic kernel function [Monaghan 1992] for its
second-order continuity, which is used later in gradient computation,
and assume the surfaces of rigid bodies are frictionless, therefore,
no uid frictional force at the uid-rigid boundary is involved.

”

r, 89

@)

< % 1o 1d00

lg %,

4.3 Rigid Body Dynamics & SPH-based Rigid Contact

For rigid body dynamics, we consider a semi-implicit time-stepping
scheme as follows, where unit quaternion is adopted as the descrip-
tion of rigid body orientation:
El=F, i !5
G-'=¢, cel
= . GI:O 11' = | = . g:o.

= . . C - _
@1 = normalize@ s ?1»04 =1y, @oo.

(4)

=

where Cis the time stepM a positive diagonal mass matri%, and

g the external force and torqud,and! =1 | the inertia tensor
and angular momentum of rigid body, respectively, and| Vis a
pure quaternion with imaginary part 2 R3. Thenormalization
operation for@is to eliminate the numerical error to ensure the
quaternion stays on the uni¢3 sphere.
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For rigid-rigid contact, inspired by [Gissler et.&019; Xu et al

where @B @ , -291»O-I =1, @° is the updated quaternion

2021a,b], we present a penalty-based SPH-based rigid-rigid contact before the normalization operation. Note that the inertia tensor

model for its good di erentiability, where the collision detection is
done using SPH density formulation, and the normal contact force
and friction force at rigid particleAis computed as:

|
L dA

Ve
kvfe'k

normal — ~ k hormal

friction _
1ong  friction —

G

where:« " is the contact sti ness and friction coe cent, respec-
tively. da is the; SPH density computed only between rigid parti-
cles,na = Xa —IM is the estimated normal ahwith Bbeing
the neighbpring r|g|d particles of the same rigid body Af and

Ve = va —I—AA is the estimated relative velocity a&with :

being the neigﬁbdring rigid particles of the other rigid body Af

5 DIFFERENTIABLE SPH-BASED FLUID-RIGID
COUPLING

We now describe in detail how we di erentiate the forward simula-
tion introduced in Sec. 4. A comprehensive overview of the compu-
tational graph of the forward simulation and gradient computation
for SPH-based uid-rigid coupling is presented in Fig. 3. We adopt
a forward-mode di erentiation scheme, and the comparison with
reverse-mode di erentiation and the discussion of the reason for
our choice is in Sec. 7.4.3.
We start by di erentiating the semi-implicit integration of rigid

body dynamics in Sec. 5.1 (shown as the gray block in Fig. 3(a)).

Then we present a general di erentiable formulation of SPH-based
uid-rigid coupling in Sec. 5.2, where we analyze the work ows
of SPH-based uid and solid forward simulations and extract a
combined gradient computation scheme for the two-way coupled
simulation. However, there will be quick gradient explosion issues
with this naive general di erentiation scheme, so we investigate
possible causes of the gradient instability in Sec. 5.3 and nally
present a stable and e cient localized gradient computation scheme

in Sec. 5.4.

5.1 Gradients of Rigid-body Dynamics

According to the problem formulation introduced in Sec. 3, we need
to compute the gradient of rigid body stat% Lattime step=, 1with
respect to the initial state variablé% at time step0in a simulation
trajectory, wheree 2 s2 can represent| % & @, etc. Then the
semi-implicit integration of rigid body dynamics is di erentiated
from the chain rule as follows:

et dE 1d5-

® e M

a1 d& de- 1

® B e

d= _d= et o - s

& P @ -9 ®)
Lo AT 170 dg
’ dB * dB

d@ ! _d@' d@ Cdvol =l @°

B~ d® dF 2 dep

| is the function of the spatial orientation of rigid bodies since
IF ="' =10 => with ' = ="' =1@° as the rotation matrix, so we also
need to take the derivative dfinto account. For more details on
gradient computation, we refer readers to the supplementary.

In Eq.(6), there are two unknowns@ % Because in our con-
trol task, we focus on the stater of rigid body R in a coupled
uid-solid system, we suppose the external net force and torque
57«g applied toR from the uid environment at time step= as
the function of s, since the change of;, will directly change
the status of uid-rigid interaction thus a ecting5~+ g . Therefore,
we have5™ B 57!s % = 57'E <G+l T+@° andg” B g 's3° =
g lE*Gel “+@°. Then we solve% ( % the same way) based
on the chain rule:

9 _mSde mSdE mSd@ mSd-,
@ medP° mEdP m@d® > mIF dF
dG , dE ,d@ |

From Eq(7), given@ i @ from the last time step, we
need to compute the partial derivatives &F«g with respect to
B 2 1E | T« G+ @°, which is related to the details of SPH-based
uid-rigid coupling and is introduced in the next subsection.

5.2 A General but Unstable Di erentiation Scheme of
SPH-based Two-way Fluid-Rigid Coupling
In this subsection, we introduce a general way to compute the
gradient of SPH-based two-way uid-rigid coupling. This scheme,
however, causes instability issues such as quick gradient explosion
in practice, which motivates us to investigate the causes and leads
to the improved di erentiation scheme introduced in later sections.
As introduced in Sec. 4.2, we discretize the surface of solids using
boundary particles. In this model, the stasg, of each boundary
particlelgis represented by its positio , and linear velocityg ,,
namely,s;, = G, k,° which are computed from the positioG
and rotation' ="' 1@ of rigid body as(:I9 G, Afg and E19
E,I Afg with Ai, =" =Af9, whereA , is the particle's displacement
relative to the body's center of mass. Based on Egyand(7), we
compute the gradient of the particle-pair uid-rigid coupling forces
and torques on the rigid particles, and then aggregate these gradients
to obtain the nal gradient for the rigid body as a whole:
5 O O dy, gy,
- ds;, mB

OOmlg

mB

m5 _
mB 1o

®)

3 lg 3

d
To compute—é;—% in Eq.(8), we formally summarize the for-
9

ward computational graph for SPH-based uid-rigid coupling in one
time step, as Fig. 3(a) shows. Both the states of rigid body particles
and uid particles contribute to the computation of coupling forces
and torques. In Fig. 3(b)le & B denote the rigid particle (gray
color), the uid particle (blue color) neighborindg, and the uid
particle neighboring%, respectively. In the iterative solving process
of uid pressure projection, the states dfg contribute to the update

of the velocities of all uid particles through the intermediate result

of pressure forces, which a ects the velocities of neighborifgand

ACM Trans. Graph., Vol. 42, No. 6, Article 179. Publication date: December 2023.
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(@) (b)

Fig. 3. The computational graph (a) and illustration (b) of SPH-based fluid-rigid coupling force and torque inheme step. (a): In the gray dashed block on

the le , the reliance between variables of solid motion in one-step integral is demonstrated. The green block part is analyzed in more detail on the right, where
relationships between the rigid-body variables are shown in the orange dashed block, and fluid variables are contained in the blue dashed block. Variables
with a subscript stand for those being near the solid-fluid boundary. Black arrows stand for forward calculation reliance, and red arrows stand for gradient
computation reliance in our general di erentiable formulation. (b): Whér enters the support radius of the kernel function & (the blue circle with yellow

outline centered ats), a fluid-rigid coupling force is applied ofg.

1. 0 1.0

further in uences the velocities ofy even if 5yis not directly adja- By 5 _ o, di5 s no ., 0A 3 3.
cent tolg. We compute the gradient of this forward computational ds;g g Wy 07 1o Sz}"‘ dsy g where ¥ R* s the
graph in Fig. 3(a): skew-symmetric matrix oA2 R3.

This computational scheme, in essence, is to evaluate the distur-

d m m d O m d
o 3_ "1 3 1o 3 E L & % bance of the iterative solving process of uid pressure projection

dsi N, Mg ds,’ 5 mE,  dsy, with respect to the perturbation of rigid body boundary conditions.
M, 5 M1, 5 dB; As iteration index: increases, to update the velocig, of uid
= s, ° Mg d_Slg 9) part_lcle 5, N-order nelghborlng UIC! particles of th_e _rlgld body
. ~ are involved, then the recursive solving of the uid-rigid coupling
O my, Mg O mEgdga gradient gradually accumulates the gradient contribution from the
. mE  ns, Ed_slg@ : -order of uid particles.
% « 5 ' - In practice, however, we nd that directly applying this gradient
where 5 is the neighboring particle ofy, and we can further ex- in optimization can cause instability issues, such as quick gradient

explosion after gradient accumulation with DFSPH iterations in one
time-step after uid-rigid contact. A similar gradient explosion is
particle accelerations and coupling forces, as the iterative solving also observed using the forward-mode di erentiation of Di Taichi
process goes onM-order neighboring uid particles are takeninto  [Hu et al. 2020]. So we consider this unstable gradient problem as
account, leading to a recursive gradient computation formulation. 3 common issue in di erentiating SPH-based uid-rigid coupling

d . . ) .
pand% to a formula contamﬂ%. With the relationship between
9 9

_In Eq.(9) the gradient of the uid-rigid coupling force 1, s, simulation, which is a sign of the underlying non-smoothness of
with respect to the state of rigid particle;, and velocity of uid the system. This presents a signi cant challenge that hinders the
particle B, can be explicitly derived frq)m Egs. (1) (2), e.9.: di erentiability of an SPH-based uid-rigid coupling simulator, and

my, 5 . ©1 s m é% ?er ) we discuss the possible causes in the following subsection.
~SR1e-5— 1. 89 .5 8% S .
m&, T dg mg ° dg 0) 5.3 Instability in Di erentiating SPH-based Two-way
. « . ! B Fluid-rigid Coupling
o 3_ 5+, ir , 8>9 % . There are two possible causes contributing to the unstable gradient
mE, dg mE, result with the naive general di erentiation scheme introduced
with more details in the supplementary. above: the underlying chaos in di erentiating the high-DoF particle
Finally, by assuming that for all uid particle5, at the beginning interactions, and the sensitivity of SPH kernel function to particle
. . dB _ . dig 5 _ dg 1g distances.
of the iteration Ty = 0, we recursively solvem = @

5.3.1 Instability in di erentiating the high-DoF particle represen-
tation. Mathematically, the recursive nature of Eq8)(9)incurs a
high risk of gradient explosion if any term that is repeatedly multi-
plied in the formula has an eigenvalue bigger than 1. Here we plot
dig g ) ] the magnitude of each term in E¢Q)with respect to the iteration
currence formula to solve—dg. and the gradient of torque is . i Fig. 4. It will be hard to control the eigenvalues of the terms

with Egs.(8)(9) Then we accumulate the gradient in all iterations
to get the nal gradient.

Eqgs.(8)(9)will serve as a general di erentiable formulation of
the two-way coupled SPH-based simulation which leads to a re-

ACM Trans. Graph., Vol. 42, No. 6, Article 179. Publication date: December 2023.



Di FR: Di erentiable SPH-based Fluid-Rigid Coupling for Rigid Body Control  179:7

Fig. 4. The log plot of the norm of each term in E®)with respect to the

iteration number: in our test scene similar to the water ra ing scene in Fig.
Mmig g b5

m d |
8, where A, B, and C represent the terms% Uy S 05
9

dslg'
Mig 5

and Torg

respectively.

« inthe gure to always stay within a safe range by tweaking the
overall scale of the physical system, which we left as future work.
This quick gradient explosion issue can be related to the chaotic
nature of the high-DoF patrticle interactions in DFSPH, where try-
ing to gure out the sensitivity of each particle pair's interaction
during the iterative solving process to input parameters leads to a
combinational explosion.

5.3.2 Instability in di erentiating SPH kernel functidke have
observed that another possible contributing factor to the gradient
instability is the high sensitivity of spatial derivatives of SPH ker-
nel functions to the positions of solid boundary particles. Though
the commonly used cubic kernel function in SPH is second-
order di erentiable, however, the order of magnitude of its rst
and second-order derivativas » r 2 increases rapidly when the

distance of two particles decreases, as shown in the scaled plot below.

When the uid system is al-
ready at a state where the incom-
pressibility constraint has been
satis ed, perturbations in the po-
sition of the solid boundary can
cause rapid changes in certain es-
timated uid physical properties
such as density, as a result of the

sensitivity of the derivatives of the kernel function to particle

computation scheme to handle the high sensitivity of SPH kernel
functions to particle distances.

5.4.1 Localized Gradient Formulation of Fluid-Rigid Couphirg.
rst design our approach to reduce the gradient instability from
the idea of reducing the scale of the problem based on a key as-
sumption. Our key assumption here is that in uid-solid coupling,
small perturbations of the states of solid objects generally do not
signi cantly a ect the bulk motion of the uid environment. One
reason is that such perturbation only a ects the state of the uid
surrounding the solid boundary at the next time step, and it takes
time to propagate this perturbation to the further area of the uid
environment that not directly adjacent to solid boundaries due to
incompressibility. Therefore, to control the state of rigid bodies in-
teracting with the uid environment, we propose to only consider
the uid surrounding the solid objects when computing the gradient
of uid-rigid coupling. In practice, we drop the unstable gradient
contributed by the 12; | 1°-order neighboring uid particles in
the DFSPH pressure solver. Compared with E3), this method
simpli es the original computational graph of coupling forces and
torques by ignoring some of the gradient computations (dotted red
arrows) in Fig.3(a), where only the uid particles adjacent to rigid
body particles are considered in gradient computation:

di, 5 M1y 5 My, 505, (1)
dsy, s, Mg dsp
To solved—(;%, based on the impulse-momentum theorem:
dég LI B (12)
Sig dsyg
Based on Egs. (11)(12), we derive:
di, 5 M1y 5 CMiy 5d15 5
O, |, <5 mE dy, D

. d .
from which, we solvejfsgl—58 as the following compact formula,
9

with 2 R® 3 being the identity matrix:
!
P
di, 5 _ CMig, 5 ~ My,
dsy, ‘< Mg N%

This leads to a localized gradient computation, which is also e -

3,

(14)

distances. This can sometimes introduce abrupt penalty forces from cient since it allows us to obtain local information about the uid

the uid incompressibility constraint, leading to sudden changes in
the uid-rigid coupling forces and unstable gradients.

while avoiding the high computational cost associated with di eren-
tiating the entire high-DoF system. With the warm start techniques
introduced in [Bender and Koschier 2015] the number of required

Based on these analysis, we propose several techniques to stabilizejterations to be unrolled per time step is not large in practice. We

the gradient while achieving e ciency in the next subsection.

5.4 A Stable & E icient Localized Di erentiation Scheme

To tackle the aforementioned possible causes of non-smoothness in

di erentiating SPH-based uid-rigid coupling, we rst propose a

note that our assumption of a localized in uence of rigid objects
to uid in uid-solid coupling has bias from physical ground truth,
however, we nd it e ective in optimization of our inverse control
tasks of a range of complexity including Figs. 5,7,8,9, etc.

5.4.2 Reduced Gradient Computation SchBased on the obser-

localized gradient computation scheme to reduce the scale of the vation of the sensitivity of SPH kernel functions to particle distances,

particle system in di erentiation in response to the rst possible

we propose to avoid directly perturbing the spatial position and rota-

cause of non-smoothness. Then we propose a reduced gradient tion of the rigid body in gradient computation, and instead compute
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the gradient only from perturbations in rigid body velocities. This

leads to a reduced gradient formula from Eq. (7) presented below:
d5” _ mS d& ) mSd - (15)
d® mEd® * mlF d®

d
which means we only compute—dlEgl—EB in the computational graph
9

shown in Fig. 3(a). In practice, this reduced gradient leads to a more
stable gradient result compared with using full gradients as Eq.,
(7) which achieves a more consistent update direction of design,
variables and achieves better optimization results in our experiments4

as discussed in Sec. 7.4.1. s

5.4.3 Gradient of Neighborhood Seaii@hbackpropagate through s
the neighborhood search operation in SPH, we assume that the set
of neighboring uid particles surrounding a rigid body particle does s
not experience large deviation between adjacent time steps, which,
is reasonable in most cases in our experiments as the local uid,
region around a rigid body is generally subject to continuous, rather;
than abrupt, uid movement. This assumption is also adopted in,

other research literature such as [Solenthaler and Pajarola 20091]3.

As aresult, we utilize the same set of neighboring uid particles to

compute the gradients. .

5.4.4 Integration of Di erentiable Fluid-Rigid & Rigid-Rigid Coul-6
pling. The penalty-based SPH-based rigid-rigid contact model pre¥
sented in Sec.4.3 can be readily di erentiated, with more details ins
the supplementary. We integrate the gradient computation of this
uni ed SPH-based coupling system by rst computing the gradient
of uid-rigid coupling then followed by computing the gradient of
rigid-rigid coupling based on chain rules.

In the preceding subsections, we have derived the gradients nec-
essary for building a di erentiable two-way SPH-based uid-rigid
coupling simulator from end to end. We integrate this gradient com-
putation scheme into the forward computation: after the forward
pass of each time step, we start the gradient computation from(&).
with the uid-rigid coupling gradient computed from Eqg8), (14)
and (15) with more computational details in the supplementary.

6 ALGORITHM & IMPLEMENTATION

In this section, we present the main algorithm for gradient compu-
tation and implementation details, which is based on the theoretical
foundations outlined in the preceding sections.

Algorithm. We propose the algorithms for the overall simulation
time step and the gradient computation of DFSPH solvers as Algs. 2.
The loss function introduced in Sec. 3 can then be optimized with
the gradient of the simulator. We develop our algorithm based on
DFSPH and incorporate the gradient computation into the forward
simulation of the pressure solvers of DFSPH.

ImplementationWe implement our method with C++ and Python
based on the SPlisHSPlasH library [Bender eR@22] and test on

ALGORITHM 2: Simulation timestep with gradient computation
Input: Fluid states; (with each uid particle storing volumer ,
position G, velocity E, DFSPH factor °FSPH, rigid body state

- . dsy
Sps gradlentﬂRT

. -1 - o dsl
Output: Fluid states;: 1, rigid body states=; 1, gradient
F e;& dEJR
Function TimeStep
nd particle neighborhoods
compute uid particle densities
compute uid particle DFSPH factorsPFSPH
v¢ = DivergenceSolverWithGradient 1: DFSPH
parallel forall uid particles % do
‘ vglC, C=vg
compute uid particle non-pressure forcdéig"lc)
adapt time step size Caccording to CFL condition
parallel forall uid particles 5 do
‘ V%:V%, G:?:V'<58
v = DensitySolverWithGradient 1: PFSPH
parallel forall uid particles 5 do
| xg'C, C=xg'C, Gy
compute rigid-rigid contact
update rigid body state with Eq. (4)

=1
compute rigid body gradientddis‘tr with Eg. (6)
R

end

2017]. For the SPH interpolation, we use the cubic spline kernel
[Monaghan 1992] with a support radius of four times the particle
radius. The rest density of the uids is 1008 < 3 while the largest
permissible density and divergence error is 0.05 % and 0.1%. [Bender
and Koschier 2017] is used for simulating uid viscosity with a
coe cient of 0.1, and [Akinci et al 2013] is adopted for surface
tension with a coe cient of 0.2-0.5 in our experiments (there is no
viscosity force and surface tension adhesion force between uid and
rigid bodies) For neighborhood search, we adopt the parallel method
of [lhmsen et al2011]. The contact sti ness i&® and the friction

coe cientis 0”7 in the SPH-based rigid-rigid coupling if multi-rigid
contact is considered in the scene. For gradient-based optimizer,
we use the SGD with default momentum as 0.5, Adam optimizer
and theReduceLRONPlatedearning rate scheduler from Pytorch
[Paszke et al2019]. For gradient-free optimizer for comparison, we
adopt the CMA-ES and (1+1)-ES methods from Nevergrad library
[Rapin and Teytaud 2018]. We randomize the optimizers with the
same random seed for result reproduction.

7 EXPERIMENTS & EVALUATIONS

In this section, we show the utility of our method in a range of
versatile rigid body control tasks within a coupled uid-solid system.

7.1 Rigid Body Trajectory Optimization

an AMD Ryzen 5 R5600X CPU (6 cores, 3.7 GHz) with 32GB memoryWe rst present the application of our di erentiable uid-rigid cou-

We use Eigen for matrix and vector operations, and use OpenMP
for parallelization. In the simulation, we use adaptive time-stepping
according to the CFL condition described in [Bender and Koschier

ACM Trans. Graph., Vol. 42, No. 6, Article 179. Publication date: December 2023.

pling simulator in the rigid body trajectory optimization tasks where
we design ve scenes: water bottle ip challenge, stone skipping,
water rafting, high diving, and on-water billiards.
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(a) Initial guess (b) Ours

(c) CMA-ES (d) (1+1)-ES

Fig. 5. Optimization results of di erent solvers of the first stage of water
bo le flipping task to make the bo le land on the table without considering
bo le-table collision with its base, namely, rotating 360 degrees. (a): Initial
guess: The bo le freely falls to the ground with zero initial velocity. (b) Our
optimization result with GD, where the bo le meets the goal well. (c)(d):
CMA-ES and (1+1)-ES optimization results, the bo le doesn't fully meet the
goal.

7.1.1 Water Bo le Flip Challeng#é/e start with the water bottle
ipping task. As shown in Fig. 2, we de ne the design variables
as the bottle's linear and angular velocif« | © at the moment of
release, namelp = 1% | %_ The goal is to land on a user-speci ed
target positionG with the target orientation@ at a user-speci ed
time C. For example, to make the bottle land on its ba@eis set

to the corresponding orientation that makes the bottle rotate 360
degrees.

The interaction between the uid and the bottle involves a large
number of contacts and plays a key part in this task. As [Dekker
et al. 2018] points out, a successful bottle ipping is owing to the
exchange of angular momentum between the sloshing uid and
the bottle, which serves to decelerate the rotation of the bottle
(Here we show the fast spin motion of ipping an empty bottle as a

Fig. 6. (Le ) Demonstration of fluid-rigid coupling: An empty bo le with
the same optimized initial linear and angular velocity in Fig 5. Without fluid-
rigid interaction, the bo le spins very fast. (Right) Based on the optimization
result of the first stage where we only consider fluid-bo le coupling, we fur-
ther consider the bo le-table collision stage to fine-tune the initial velocity
of the bo le to make it able to stop and stand stably on the table.

rigid body. The collision between the bottle and the table is taken
into account by combining the di erentiability of this rigid-rigid
contact and uid-rigid coupling within our uni ed di erentiable
framework. Because the collision between the bottle and table gives
an abrupt impulse to the motion of the uid in the bottle, to make
the optimization easier, we split the task into two stages: In the
rst stage, we only consider uid-bottle coupling and optimize the
bottle to reach the target position near above the table. Then in the
second stage, we ne-tune the optimization result by considering
the bottle-table collision and its coupling with uid. The energy to
be minimized in the rst-stage optimization is de ned as:

min =

P position,  rotation
— = 2
position = F positionkG Gk (16)
rotation = F rotationk@ @kz'

with F position® Frotation P€ing the weight parameters. In the second

stage, we drop the position loss to avoid over-constraint and only
optimize the rotation loss to make the bottle stand stably on the
stable at the end.

We show the rst-stage optimized trajectories in Fig. 5 and com-
pare the performance of one gradient-based solver gradient de-
scent (GD) with momentum and learning rate scheduler, and two
gradient-free solvers: CMA-ES and (1+1)-ES, which are standard
gradient-free evolutionary strategies (ES) [Hansen 2006]. We set
F position = 01* Frotation = 10 in experiments. We normalize the
gradient direction for gradient-based optimization. We only manu-
ally set the initial learning rate as 1.0 for default unless stated for
GD solver, and we adopt the learning rate scheduler to automati-
cally reduce the learning rate once by half based on optimization
performance. The patience of the scheduler is set as 5 for default
unless stated. We can conclude from the results that the reduced
gradient from our di erentiable simulator facilitates gradient-based
optimization to converge to the goal much faster than gradient-free
optimizers.

For 3-dimensional rotation, there are multiple optimization paths
to reach the target orientation (multiple optimization paths on the
(3 sphere of unit quaternion), with each path as a local minimum in

comparison in Fig. 6 (left) as a reference). Because the deformation the loss landscape. By setting di erent initial guesses, we are able to
of the bottle in the process is negligible, we treat the bottle as a Optimize the multiple optimization paths of rigid body rotations by

our method. We show a di erent trajectory to achieve a 360-degree

ACM Trans. Graph., Vol. 42, No. 6, Article 179. Publication date: December 2023.






	Abstract
	1 Introduction
	2 Related work
	2.1 Differentiable Simulation
	2.2 Two-way Fluid-Solid Coupling
	2.3 Control of Rigid Bodies with Fluid-Solid Interaction

	3 Problem Formulation
	4 Forward Simulation
	4.1 SPH-based Fluid Simulation
	4.2 SPH-based Two-way Fluid-Rigid Coupling
	4.3 Rigid Body Dynamics & SPH-based Rigid Contact

	5 Differentiable SPH-Based Fluid-Rigid Coupling 
	5.1 Gradients of Rigid-body Dynamics
	5.2 A General but Unstable Differentiation Scheme of SPH-based Two-way Fluid-Rigid Coupling
	5.3 Instability in Differentiating SPH-based Two-way Fluid-rigid Coupling
	5.4 A Stable & Efficient Localized Differentiation Scheme

	6 Algorithm & Implementation
	7 Experiments & Evaluations
	7.1 Rigid Body Trajectory Optimization
	7.2 Self-supervised Learning of Water Bottle Flipping Control Policy
	7.3 Closed-loop On-water Inverted Pendulum Robot Controller
	7.4 Discussions & Evaluations

	8 Conclusions
	Acknowledgments
	References

